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B ==y = Dol

which is called the Boltzmann number.

If we proceed in similar fashion from the one-dimensional
unsteady-flow equations, it can be shown that the linearized
equation with a coordinate system fixed relative to the un-
disturbed fluid is§

O, oMWy . W, ‘
daror | R e TR o =0 (=9)
where
r 9 . 0% %% _ 0%
W, = ot? & 52 Wr= ot? v Oa?
16va,
k=
NBo

ap is the isentropic speed of sound and Nz, = [vRpa/
(v — DoTe®].

Equations (28) and (29) are the governing differential
equations in terms of the velocity potential for two-dimen-
sional steady flows (coordinate system fixed in the body) and
one-dimensional unsteady flows (coordinate system fixed in
space) with a small departure from radiation equilibrium.
It is seen that they are both of fifth order, TUnlike the situa-
tion in classical equilibrium-flow theory, however, the struc-
ture of these two equations is inherently different. This is
as would be expected because of the directional properties of
radiation intensity. The relationship of the equations to
those of classical theory is apparent: In the limits of a very
cold gas (N, — =), a transparent gas (@, — 0), or an opaque
gas (ap — =), Egs. (28) and (29) reduce to the classical equa-
tions. For the limiting case of a very hot gas (Ng, — 0),
they also reduce to the classical equations but with the isen-
tropic speed of sound replaced by the isothermal speed of
sound. The author has been able to apply the linearized
equations (29) and (28) to problems of wave propagation and
flow over a wavy wall. The results will be presented at a
later time.
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Evaporation Coeflicients from
Exposure of a Solid to Laser Radiation

S. 8. PEnNER*
University of California at San Diego, La Jolla, Calif.

HE theoretical calculation of ablation rates in an intense’

radiation field is generally a complicated problem, be-
cause it involves the interaction of various relaxation phe-
nomena (melting, sublimation or evaporation, ionization),
effusive flow or “explosive blowoff” in a complex geometry,
and radiative energy transfer. However, under suitable
exposure to a laser beam, these processes are effectively
decoupled, and a simple phenomenological description is
possible for the expected -linear regression rate.

Typical relaxation times in the solid phase are of the order
of the reciprocal frequency of an equivalent Einstein or Debye
oscillator, i.e., of the order of 3 X 10713 sec. These time
estimates indicate that a meaningful temperature can be
defined, within a volume element containing very many
atoms, on exposure to an intense laser beam with duration
longer than about 1079 sec.

For a subliming solid, the linear regression rate (dz/dt) is
given by the expression!

dz/dt = j/nV® < (p/p)(m/2wkT)"? 1)

where 7, =~ v exp(— AR/ET) is the evaporation or sublimation
frequency, » is the number of atoms or molecules per unit
volume in the solid phase (i.e., n = p/m), p; is the saturation
vapor pressure at the temperature T of the solid with density
p, m is the mass per atom, k stands for the Boltzmann con-
stant, v is the frequency of the Einstein oscillator correspond-
ing to the solid, and Ak represents the heat of evaporation
or sublimation per atom or molecule. The upper bound in
Eq. (1) corresponds to the limit set by the Knudsen equation
with unit evaporation coefficient 3. This bound may be
made explicit by assuming the validity of Trouton’s rule.
Thus ps ~ po exp(—Ah/ET), where the constant py may be
evaluated conveniently by assuming that p, = 1 atm at the
normal boiling point 7 = 7, Hence, p. >~ 2.2 X 10
exp(-—Ah/kT) dyne/cm?, where we have set AA/ET, = 10,
and

y/nV3 < 2.2 X 10%(1/p) (m/2xkT)V? exp(—AR/ET)

Representative estimates of the Knudsen limits (with an
evaporation coefficient of unity) for the linear regression rates
of metals and stable compounds near the normal boiling
points lead to values of a few centimeters per second, i.e.,
evaporation is unimportant during radiant-energy input for
laser pulses with a duration of less than about 1073 see.
The evaporation coefficient may be defined by the rela-
tion
(dx/dt) [a exp(—AR/ET)}/nV3

= (ps/p) (m/ 2wk T)V? = (p+/p) (m/ 2k T)V? @
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Fig. 1 An apparatus for the experimental determination

of evaporation coeflicients using an external laser source

for heating. The rate of ablation may be measured either

by weighing the sample directly or else by observing the

surface regression rate through the use of a suitable
optical system.

where we have set j, = a exp(—AR/kT) and « is an empiri-
cally determined frequency at the surface temperature 7.
In view of the difficulties involved in estimating 3¢ by the
use of conventional procedures, it is of obvious interest to
use evaporation rate measurements on exposure to & mono-
chromatic laser beam for the experimental measurement of
dz/dt and hence of 3¢ under controlled conditions. A sche-
matic diagram illustrating the proposed experimental tech-
nique is shown in Fig. 1. The reduction of experimental re-
sults for the direct measurement of « is briefly discussed in
the following paragraphs.
We assume applicability of a regression law of the form

dw/dt = (a/nV3) exp[—Ah/K(Ty + AT)] 3)

where T = T, + AT, T, denotes the initial temperature,
AT represents the temperature rise produced at the ablating
surface by absorption of radiant energy. The linear ab-
sorption coefficient k,; is taken to be a constant independent
of temperature. The experiment is performed in such a
manner that the temperature at the surface and within the
solid does not become large compared with the boiling tem-
perature; the characteristic time for heat conduction ¢, is
made to be long compared with the test duration ¢,. The
characteristic time for heat conduction is of the order of ¢, =~
(1/k1)%/a. where a. denotes the thermal diffusivity of the
solid. For {, < t,, the coupled problem of energy transfer
by conduction and radiation must be considered.?

The incident monochromatic radiant energy flux at a
distance = below the surface of the absorbing solid is ¢, =
g exp(—kwx). The heat-transfer rate to unit area of the slab
of width Az is qar, = (—0q./0x)Ax; the heat capacity of a
volume element of unit area and thickness Az is pc,Az.
Hence, the rate of temperature rise of the slab located at a
distance x below the surface becomes

(dT/dt), = (gki/pes) [exp(—kwr)] @

It is now convenient to introduce the dimensionless vari-
ables

A8 = AT/T,

T = kigt/pc,To

n =k (5)
6 = An/kT

B = apc,To/qnt'3

Equations (3) and (4) are then reduced to the integrodiffer-
ential equation

dy/dr = Bexp—[6/(1 + Af)]

. (6)
A9 = fo @ lexp(—n)1dr
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In order to obtain a solution to the integrodifferential
equation by the use of an iteration procedure, we first employ
the approximation

dx/dt = ry = const @)
in the integrand of Eq. (6), and we find that
(dn/d7)o = Cro
C = pcp,To/q = nV3B/«a
(o = Cror 8)

1
Af =~ o {1 — exp(—Crer)]

For Cror = kgt <« 1,
dn/dr ~ B expl0/(1 + 7)]
and

7= B{(l + 1B/ + 7)] — E:0)}
9

E©) = [ lexp(~6/u)ldu

A second iteration to the solution of the problem is obtain-
able by introducing the integral of Eq. (9) into thelintegrand
appearing in Eq. (6). Actually, this procedure is excessively
laborious and it soon becomes preferable to resort to nu-
merical integration.

Since A%, p, ¢z, To, g, nV3, and k; are generally easily deter-
mined, the experimental determination of # as a function of
t implies a measurement of B and hence of @. In laboratory
coordinates, Eq. (9) takes for form

_apepTo kgt I: (AR/ET,) ] _
o=t (1 ) B [ e |
Ah
B, (Eo)} (10)

for kot < 1. In view of the large value of (dT/dt)., it is
apparent that ¢, must be very small in order to prevent ex-
cessive heating and “‘explosive blowoff.”” For ¢k; = 4 X
105 w/em? = 4 X 10'3 erg/cem3-sec, pc, = 8 X 107 erg/cm? —
°K, o = 102 3¢" sec ™1, n¥/3 = 2 X 107 em !, and Ty = 500°K,
we find that

z = 505 (1 + 103)E,[10/(1 + 10%)) — E.(10)} (11)

where 3¢’ is of the order of magnitude of the evaporation
coefficient. With ¢ = 1073 sec and 3¢’ = 107, the value
of z becomes 1 X 1072 ¢m and is, therefore, readily observ-
able.

The preceding analysis has been performed on the assump-
tion that the evaporating system remains, at all times, very
far from radiative equilibrium. A useful criterion for the
existence of radiation equilibrium and for application of a
different method of analysis® is the statement

t(dT/dl)z = (AT)w

where (AT), is the steady-state temperature rise; for ¢,(d7/
dt). < (AT).s, the numerical estimates derived in the present
discussion should be useful. For these specified values, we
find from Eq. (4) that AT ~ 180°K for kiwr = 1 and ¢ =
10~3 sec. Hence, the system remains very far from radi-
ative equilibrium for an intense external laser source, and the
temperature rise of a preheated, fairly transparent organic
compound is sufficiently small to prevent explosive blowoff.
At the same time, the assumed condition Crer < 1 is seen
to be satisfied.

References

1 Penner, S. 8., “The maximum possible rate of evaporation of
liquids,” J. Phys. Colloid Chem. 52, 367-373 (1948): also



1666 ATAA JOURNAL

“Melting and evaporation rate processes,”’ J. Phys. Celloid Chem.
52, 949-954, 1262-1263 (1948); also “Erratum to ‘Melting evap-
oration as rate processes,’”’ J. Phys. Chem. 65, 702 (1961).

2 Lick, W., “Energy transfer by radiation and conduction,”
Proceedings of the 1963 Heat Transfer and Fluid Mechanics Insti-
tute (Stanford University Press, Stanford, Calif., 1963), pp. 14-26.

3 Penner, S. S. and Olfe, D. B., “The influence of radiant energy
transfer on propellant burning rates and ablation rates controlled
by an intense radiation field,”” Institute for Defense Analyses,
IDA/RESD Research Paper 118, Washington, D. C. (May
1964).

An Improved Glauert Series for Certain

Airfoil Problems

MicuAEL D. GREENBERG®
Therm ddvanced Research, Inc., Ithaca, N. Y.

Introduction

N the presence of such complicating effects as unsteadi-

ness, finite span, jet flap, and free-surface interference,
for example, an exact solution of the thin airfoil problem is
generally out of the question. As a result, it is often con-
venient to seek a solution for the unknown vortex strength
in the form of a truncated Glauert series. In this note we
consider the analytical and numerical merits of a slightly
modified series solution.

Discussion

Consider, for example, the harmonic motion of an infinitely
thin rectangular airfoil of span 2b and chord 2¢ in an un-
bounded invisecid and incompressible stream U. Intro-
ducing a right-handed rectangular z’, 3’, 2’ coordinate system
with z’ measured downstream, 2z’ normal to the planform,
and the origin at the planform centroid, a classical vortex
approach leads to the well-known integral equation

sy - L T %

& — 9 + (y — 2 it e
G-by—m Emto ) ¢

D(,y) (1)
where v(z, ¥, §) = ¥(z, y) exp(iwt) is the unknown strength
per unit chordwise length of the spanwise running bound
vortices; I'(y, ) = I'(y) exp(iwt) is the resulting circulation;
w(z, ¥, t) = w(z, y) exp(iwt) is the upwash given over the
airfoil; D(z, y,t) = D(z, y) exp(iwt) represents a portion of
the downwash terms which is regular over the airfoil and, in
particular, at the trailing edge; % is the reduced frequency
wa/U; A is the aspect ratio b/a; w, 7, and D are nondimen-
sionalized with respect to U, T' with respect to Ua, and the
coordinates with respect to a. The terms on the right repre-
sent the downwash which is induced by the vortex system and
which must exactly balance w.

Typically, the equation is then reduced to a more tractable
form by suitable approximation of the square root term.
For example, the very high (two-dimensional and lifting
line' theories) and very low? ® aspect ratio theories are
equivalent to setting [(x — £)2 + (y — 922 = |Jy — 7|
and |z — £, respectively. Of the various more sophisticated
approximations that have appeared in the literature, one of
the nicest is due to Laidlaw.t He sets

[@— 824+ @ — 0" = Nz — £]| + Aaly — 0] 2
where Ao and A, are functions of aspect ratio and are deter-
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mined by a least-squares minimization of the difference be-
tween the left~ and right-hand sides of (2) over the plan-
form. Contemplating the use of a Glauert series of the form

7 = eo) eot("") + z eo(y) sinngs ®)

where © = —cos¢, Laidlaw observes that the right side of
(3) vanishes at the trailing edge ¢ = w, whereas the Kutta
condition of zero pressure discontinuity demands that v =
—1k T there. He therefore modifies his Glauert series by add-
ing on —ikT'(y). We point out, however, that the latter
may be expanded in a Fourier sine series, and, whether we
use the modified or unmodified Glauert series, the resulting
solutions for ¥ will be identical for ¢ < = although they will
equal —ikT' and 0, respectively, at ¢ = . But this dis-
crepancy will not affect the quantities of physical interest so
that either series will suffice.

Although the presence of the additional term is immaterial
if an exact solution is carried out, it is generally necessary
to truncate the summation at n = N and to follow a colloca-
tion solution, for example. It is, therefore, of interest to re-
examine the potential merits of a more general modified
series,

= c(y) cot<¢> + ch(y) sinng + f(¢, ) 4
n=1

in this light. In doing so, let us reformulate the Kutta
condition based upon the integral equation; that is, we seek
to satisfy the tangent-flow boundary condition at the trailing
edge. Observing that, as « — 1, the right side of (1) be-
haves as

Ao 1y y) thet® _ foo g ikt
e T RO

or

_%i; (@1, y) In(1 — z) — %I_‘ In(l — z) 4+ 0(1) (6)

we see that this is only possible if
(1, 9) = —ikT @)/ s )

This integral equation-formulated Kutta condition only
coincides with the pressure-formulated condition in the limit
of infinite aspect ratio, in which case A, — 1, the incompati~
bility arising as a consequence of the Laidlaw approximation
(2). From (4) and (7) we see that we should choose f(m, y) =
—3kT'(3) /Aw, but we should not choose f(¢, y) = const =
f(wr, y), since this would introduce a In(l 4 z) singularity
from the Cauchy term at the leading edge. To avoid this,
we choose f(0, y) = 0 so that a suitable choice would be, for
example,

f(¢, y) = —kT(y)¢/m\ 8

We see that Laidlaw’s additional term does not remove the
logarithmic downwash singularity except in the lifting line
or two-dimensional limit and, in fact, introduces one at the
leading edge. The properly modified series, {4) and (8),
does, on the other hand, lead to a well-defined collocation
problem.

In order to assess the numerical importance of the addi-
tional term, let us apply the modified and unmodified series
to the two-dimensional problem of an airfoil performing
vertical translation oscillations since the exact solution is
well knowns and affords a means of comparison. Collocating
at x = 0, 0.4, 0.8, we find that, for £ = 0.5 and 1.0,
the lift predicted using an unmodified series is in error by
12.4 and 19.29,, respectively, compared to 0.3 and 0.1%
using the modified series given by (4) and (8) with A, =

t Reduced frequencies in excess of unity are typieal in un-
steady propeller theory,$ for example.



